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ABSTRACT 

A theoretical analysis was made of the torque and the space hare 
monics of magnetomotive force produced by a square wave impressed voltage, 
The results of this analysis were then verified experimentally. 

With the motor wye connected without a neutral, a comparison of the 
characteristics produced by the square voltage wave to those produced by 
a sinusoidal voltage wave shows little difference. With the neutral 
connected there was a decided inorease in losses, noise and vibration, 

The writers wish to express their appreciation for the assistance, 
and encouragement given them by Professor Orval H. Polk of the U, 5. 


Naval Postgraduate School in this investigation. 
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1, Introduction. c 

The squirrel cage induc tion motor has long been known for its rugged- 
ness and reliability when operated on sinusoidal voltages. In response 
to a suggestion by the Bureau of Ships, Navy Department, Washington, D.C., 
an investigation of the effect of a square wave impressed voltage on a 
squirrel cage induction motor was undertaken at the U, S, Naval Post- 
graduate School, Monterey, California, The investigation was commenced 
in October 1958, 

The non-sinusoidal voltage used was an approximation of a square 
wave such as that obtained from a: static inverter, A static inverter is 
a device which is capable of transferring energy from a direot current 
source to an alternating ourrent load. The voltage used was obtained 
from & harmonio generator set, 

The analysis of the performanoe of induotion motors operating on 
sinusoidal voltages is well know. ? The purpose of this investigation 
was to determine the effect of a square voltage wave upon the theoreti- 
cal torque-speed characteristics and efficiencies of a squirrel cage 
induction motor and to compare these characteristics with those obtained 
by operating the motor on A сл voltazes, 

The investigation wes divided into two parts, The first part was 
a theoretical analysis of the torque producing magneto-motive forces 
set up by & three phase squarevave impressed voltage, 

The second part was to obtain speed-torque curves with both sinu- 
soidal and square wave impressed voltages so that a comparison of the 


speed-torque characteristics could be made, 


lAlger, The Nature of Polyphase Induction Machines, John Wiley & 
Sons, 1961. 





Zə ‘Theoretical Analysis of Magnetomotive Force Waves. 

The torque producing phenomena of a three phase induction motor rum 
by impressing a square voltage wave per phase are determined by resolving 
a square wave into a series of sinusoidal waves by Fourier analysis. 
For a three phase motor the square: phase voltages must be displaced from 
each other by gr radians, 


The Fourier analysis of the phase voltages Ea, Eb and Eo gives: 


Ea = {Esin oot + om 3 6+... + Е am natt | (1) 
E= 3 fe ane - 8D E sin (ata ән - аф кә) (2) 


Е. = LIE Sn (нат) Е sin 3 (tram) + Е mn (sq (3) 


where E is the maximum voltage of the ə wave, Ens n is an odd 
integer. Fig. l shows the phasor “dağan of the. Î through the 


seventh harmonic, 
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Fig, 1 Voltage Phasor Diagrams 


lKerchner and Corooran, Alternating Current Circuits, Second 
Edition, John Wiley & Sons, 1944, p 141. 





The third and odd multiples of the third harmonio line to neutral 


voltages are in olaq E 


Since all 3n harmonics are in phase there will 
be no 3n harmonics in the line to line voltages. These 3n harmonic phase 
voltages impressed on a balanced wye. load will produce no Sn harmonic 
current unless a return path is provided through a neutral connection. 
Applying these voltages to a three phase wye connected motor with the 
neutral connected, each harmonic voltage En will produce a current I, in 


the motor windings. These currents are given by: 


47 |, gin (wt-a) + [s an(3w€-3)+ TE Ta sn (acest. - V) m (4) 
Tp + 1, sm L-2 -a) «T4 $n (3 Cot.- am-ple- + In sinin (st- am) Ve (5) 
E In (car) +1» sin(2 (ust+ Am)-A] 5:75: İn (маг) M ( 6) 


where Af V are the angles by which the ourrents lag the voltages. 

To determine the mmf waves that are produced by these ourrents it 
is neoessary to find the space distribution of current around the stator, 
lkerohner and Corcoran, Alternating Current Circuits, Seoond Edition, 

John Wiley & Sons, 1944, pp 190-192. 


“Fitzgerald and Kingsley, Eleotrio Machinery, McGraw Hill, 1952, 
рр 256-259. 





Assume a direct ourrent applied to a double layer fractional pitoh 
winding with one coil per pole per phase, Further assume the coil sides 
to have zero width, Let p be the coil pitoh and X be the angular dis- 
placement around the stator in radians. Therefore, a plot of ampere turns 


versus Û for one phase appears as in Pig. 2. 
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Fig, 2 Ampere Turns versus Angular Displacement 


This wave may be resolved into a series of sinusoidal waves. 
Since F(X) а -F(-Y ), the oosine terms will drop out and the series 
appear asr 


Ey) = 2% sm kl x 
К:О 


i 


where 





This is then broken up into two integrals: 


-T Ex Ta 
Q \ -NI sink¥ d¥ + V Nİ sin kX dx 
T / а-н 


Integrating and substituting the limits 


QUON 
| Qk Б ix Sn .. for k s odd integer 


” 


and 


а= О 


Рог К = even integer 


The term sin KOT is the pitch factor Ку so that the mmf wave is: 


| ҹы Sw Y + Ке» Sin Dt == + Kos un kurt 
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Fig. 3 Harmonics of Flux Waves 
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Fig. 3 shows the first three harmonics obtained in this way. Fora 
three phase machine the other two windings will be displaced from this 
winding by ET and ÆT electrical radians. 

ia the s ame analysis to the other windings gives the mmf 


distribution for phases a, b and o as; 


Fi, = + Ke sin Y + kə sm34+ -+ ба sin Ken} (8) 
Есоь- val “ Sw($- aT) + Е sin 3(8-2F)+-- + = Sin «(-ат)-|9) 


Fc), - HN баре swa sg esi КОН} [0) 


For & distributed winding the mmf distribution for the fundamental and 
third harmonic of one phase appears as in Fig. 4. These sinusoidal mmf 
waves are added to give the resultant phase mmf for each harmonic. 
| 
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Fig. 4 MMF Distribution 





Ky пк 
The distribution factor k = where s 18 the 
am" sin IS 3 


number of slots per pole per phase and m is the number of phases external 
to the machine. The space distribution of the mmf waves around the 


stator is; 


На - İN) Бә sit, a Sm» + ои л КК ( \) 
| Т 
FQ) - E Ша Sn (Y-21)+ Кеке ом3(%- 217)... 
`` 4 а sin кагуу} (12) 


EQ = - 52 sin (Ya ат), Kes Kds s\n 3( x ST jd 
in 5 k (8: ai (5) 


If the square wave alternating currents given by equations (4), 
(5) and (6) replace the direct current in the above equations, the 
general mmf expressions for the neh current harmonic and the k”h space 


harmonic become: 


Рада BN То Ке Гь о Со К) N 
FOWL: HN Ta Kok Kal Er TS 
Feb. N Ts Kak [яа пат] Гы вар) (Ы) 


İPitzgerald and Kingsley, Electric Machinery, McGraw Hill, 1952. 
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Let Ci, = HN. In Krk Kak 


Tİ K 


Trigonometric expansion of the equations gives: 


Fat). e cos(k4-Wot«V|- cos(kf«not zl (17) 


Ра Cok cos] kg-nut + - 2m( Ko 9) 
= соз) ka «noxt- -y - ECT ( 8) 


F(x Ус = ч [cos ХЕ nost + + ا فک‎ 
b. ри -Ү- ا‎ (19) 
Each equation represents two mmf waves ҹу" distributed in space 
and.moving in opposite direotions at ə radians per second. 
Ihe three phase mmfs are added to obtain the resultant mmf wave, 


The combination of termg containing (k Y — nat) vill give: 
3/7 Cos (KY - nat + P) 


when kan - ап integer or zero. 


The combination of terms containing ( ky 4 Nuit) wil gives 


| 3/ cos (К+ то. у) 


vhen Бә = an integer or zero. This is true since, for these condi- 
tions, the components are in phase and add directly. When kin 2 


&n integér or zero, the terms are ATT radlans apart and add to zero, 
2 





Thus the resultant mmf expression is: 
Бекі) = 2/5 |“ cos (4- wt +0) - Cs Cos (S84 ut -ә) 
+ Cı cos (Theat) + Cay cos (38-Butr/a) 
=- Cza cos (34+ But 73) - Cis Cos € Sust-d) 
+ Css cos (S8-5ust+ £S) -Las cos G 4 Sut-8) 
+ С COS (¥= Tut + £)- Cs7 CoS (Ste'lat-&) 


+ Саа Со» (TX-wt+ E), din. 1 гәд 


As pointed out previously, the mmf waves move at E radians 


per second. Converted to revolutions per minute it becomes {ес 


K 
where f is the fundamental frequency and P is the number of poles. 
The synchronous speeds of the fundamental component of mf is ES 
Then the synchronous speed S which the various h and IK harmonios 
tend to produce are shown in Table I, The plus signs denote rotation 
in the forward direction. The negative signs denote rotation in the 
opposite direction. 

TABLE I 
Speeds of the Various Harmonics in Terms of the Fundamental 
Speed S, 
k | 2 5 7 
| 45$ O -Sis +h 


4 0 En O О 
5 -55 О 45 -55ң 
Пп 478 О -73s +5 


n 





P. 


Equation (20) shows that the köh space harmonic of any current 


harmonic is reduced by the factor бак Kal Values of Kpkana Kd k 


are given in Tables II and III. 


By choosing the proper pitch and number 


of slots per pole the effect of space harmonics higher than the third 


may be neglected. By disconnecting the neutral, the third harmonio and 


multiples of the third harmonic space fields are eliminated for wye 


Space 
Harmonic 


Space 
Harmonic 


TABLE 11 


Pitch Factor 


Pitch 





«940 „951 5966 

500 „588 707: 

0174 000 9259 

0644 „56588 259 
TABLE III 


Distribution Faotor 


Slots per Pole 


6 





„966 


. 707 
„259 


„259 


ә 12 
960 958 
.667 653 
218 205 
.177 157 


lPitzgerald and Kingsley, Electric Machinery, McGraw Hill, 1952, pp 196-201. 
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5. Theoretical Analysis of Torque. 
For the fundamental space wave the maximum torque? of an induction 


motor 18: 2 


| E. 
| Towa |; sm, Te t RA (Кау 


where b, is the voltage applied to the motor ‚К, ә 18 the stator ohmioc 
resistance, Хх, is the stator reactance and x is the rotor reactance 
referred to the stator. This equation will apply to any time harmonic 
of order n, provided there is a rotating flux in the stator and an 
induced current in the rotor, both with the same frequency, The torque 


for the nth voltage harmonic becomes: 


£ 
| мах [м = Ep za T 2 
OT n Rin t Rn + (Xit X2 n 

The relation between the п harmonic voltage and the fundamental 


voltage for a square wave is: 
= E | 
Е. = Ы 


The ratio of the nth voltage harmonic torque to the fundamental 


torque iss 


| Tmax |n P ST |, 








[Tmar], PBT En 


l Lawrence and Richards, Principles of Alternating Current Machinery, 
Fourth Edition, McGraw Hill, 1953, p 406. 


1) 
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( (L/ ) Ri + (ез (ен) 
nf, rE} ine А Ба an 


Rı H AR. + ms : 
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: n Rin 1 {Rin r (X та 
Assume. | 
te Ke > (X, m 
E RR 
then: 


+. > ху 


ж AR önə 
Rin CU ME (X, + Ха) > k. ARİ + (X, X) | 


RAR | 
RAR t OS Xs) 
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ә Ve ee 


ar |, < 1 
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Therefore the torque caused by the fi 


be negleoted. _ 


fth and higher order harmonics may 
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4. Equipment, 

A harmonio generator set consisting of a direct ourrent motor and 
five alternating current generators ooupled in tandem was used to proe 
duce the desired voltage wave, At rated speed of 3600 revolutions per 
minute the generator produced 60, 120, 180, 300 and 420 oyole, three | 
phase alternating voltages, The stators of the harmonio generators can 
be rotated so that the harmonic voltages may be shifted in phase, Те 
three phases of the sixty oyole generator were wye connected. The 180 
cycle generator produced phase voltages that were displaced 120 degrees 
from each other, Therefore it was necessary to use phase shifters to 
put these voltages in phase with one another, In order to get the proper 
voltage, a delta-wye connected transformer was used to boost the voltage 
input to the phase shifters, (See Fig. 5) Transformers were used to 
boost the 300 oyole voltage. “Two phases of the 300 cycle generator were 
reversed to obtain a negative sequence of voltages, 


The phases of each harmonic: generator were oonnected to & switoh- 


board where they could be placed in series or removed from the cirouit, 
The switchboard allowed any combination of generators to be placed in 
series, 
The motor used in the experimental work was an ELECTRO DYNAMIC 

one horse=power, four pole, squirrel cage induction motor, rated at 
220 volts, 60 oyoles, 40°C rise, continuous duty. The windings are 
inter-connected externally and the coils have a 7/9 pitch with Aktie 
slots per pole per phase, This motor was designed for s tudent use in 
the study of winding connections. The large number of external 

° connections gives a larger winding resis tance than would be expected 


in a commercial motor, 


14 





The motor was coupled to a KIMBALL ELECTRIC 2KW, 125 volt direct 
current generator with a quick-break coupling. The generator was вераг= 
ately excited, 

Two GENERAL RADIO wave analyzers (MOD 736-A) were used to measure 
the relative magnitudes of the harmonic voltages and currents, 

A DUMONT dual beam cathode ray oscilloscope (Type 279) was used to 
observe the phase relationships between harmonic voltages so that a 


square voltage wave could be maintained for all lodds. 


16 





5. General Procedure 

All wattmeters, voltmeters, and ammeters were calibrated using 0.1% 
secondary даш, Also & check of the instruments was made at 
different frequencies to determine frequency erros, The speed of the 
harmonic generator was kept at 3600 revolutions per minute by using a 
stroboscope connected to the local commercial power supply. A motor 
field rheostat was used to control the speed of the harmonic generator 
set. 

The torque output of the induction motor Was determined by measur» 
ing the power output of the direct current generator loaded by a resist- 
or bank, The direct current generator field current was held constant. 
The. stray power was then determined for this field current. The brush 
and copper losses in the armature were determined by applying different 
voltages to the armature with the armature blocked, Graphs of these 
losses and the voltage versus current are shown in Fig. 6. 

The wave shapes of the motor voltage and current were determined 
| by the wave analyzer and the cathode ray oscilloscope, . The phase 
angles of the harmonic components were determined from the :wave form 
displayed on the oscilloscope, The magnitudes of the harmonic come 
ponents were determined by the wave x To obtain the current 
wave forms, identical resistors were placed in each line and the wave 
analyzer and osoillcsccpe were connected across these resistors, 

With the neutral conneoted, the third harmonic current was measured 
by placing an ammeter in the neutral line, A oheck of the rcotemean- 
square voltage and current was obtained from the voltmeter and ameter 
readings. | 

The speed of the induction motor was determined by use of & chrono- 


metrio tachometer, The power input to the motor was measured by placing 


16 





a wattmeter in sach phase, 


1А 4 
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6. Experimental Results 

A test run vas made on the motor using an approximation of the 
square voltage vave (Fig, 7) vith the neutral not connected, Since the 
motor was rated at 127 volts per phase the root-mean-square value of this 
wave was adjusted to this value, This was aocomplished by setting Ej7117, 
Ет=359, Eo=25.5, and Eç “16,7 volts root-mean-square, Thus the root-mean- 


square voltage of the wave was: 


Ez Е, SES SES SES = 127 volts 


The wave shape and root-mean-square magnitude were held invariant 
during loading. For this run there was negligible third harmonic cur- 
rent, The fifth and seventh harmonic currents remained almost constant 
at 0.4 and 0.2 amperes respectively. Runs were then made at 117 volts 
and 127 volts per phase with a sixty cycle sinusoidal voltage. A com- 
parison of these three runs is shom in Fig. 8. It is seen that the 
effect of the harmonics was negligible, i.e., only the 117 volt funda- 
mental voltage is effective in producing torque. 

Due to the poor voltage-regulation characteristics of the harmonio 
generator set, the line current was limited to five amperes maximum, 
hence the speed-torque curves obtained are limited to values between 
1500 and 1800 revolutions per minute. 

The neutral was then connected to determine the effect of the 
third harmonic current on the motor torque and efficiency. First a run 
was made with only the fundamental and third harmonic voltages, This 
gave a root-mean-square voltage of 123 volts. Next a run was made with 
the fifth and seventh harmonics added, The two runs produced the same 


torques and efficiencies, The results aro shown in Fig, 9, 
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With this neutral connection, a great torque was produced than with 
the 117 volt fundamental alone, also there was a marked decrease in 
efficiency. (Fig. 9). However at a speed of about-1600 revolutions per 
minute the fundamental plus third harmonic torque curve crosses under 
that of the 117 volt fundamental torque curve. 

The cause of this reduction in torque is shown in Fig. 10. Both 
curves are a plot of fundamental current versus gpeed. In one case only 
the.fundamental voltage of 117 volts is applied to the motor, while in 
the other a fundamental voltage of 117 volts plus a third harmonic volt- 
age of 39 volts is applied with the neutral connected. Comparison of 
these two curves shows a decided decrease in fundamental current at 
about 1600 revolutions per minute when the third harmonic is present, 
This decrease in fundamental current causes a decrease in the fundamental 
torque and is the reason for the cross-over shown in Fig. 9. 

To test the analytical result expressed in Equation (20) that the 
third harmonic produces equal magnitude fields rotating in opposite 
directions, the motor was run on the third harmonic voltage alone. Since 
the third harmonic produced no starting torque, it was necessary to start 
the motor with the fundamental and then to switch off the fundamental 
leaving the motor running on the third harmonio voltage, It was possible 
to keep the motor running in either direotion, 

With a third harmonio voltage of 43 volts, the no-load speed was 
1764 revolutions per minute, This indicated that the synchronous speed 
of the motor for the third harmonic is 1800 revolutions per minute, 


By touching the shaft lightly the motor could be stopped, 
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7, Conclusions. 

In this investigation, the operating characteristics of a three 
phase squirrel cage induction motor run on a square vave voltaze arə 
compared to the operating characteristios when run on a sinusoidal volt- 
age, Theoretical and experimental analyses were made, The conclusions 
from the theoretical and experimental analyses fer the same conditions 
agree remarkably well, 

By connecting the stator windings in wye without & neutral, the 
third harmonic and multiples of the third harmonio stator current are 
eliminated, With this connection the torque and efficienoy for the motor 
are, for practical purposes, the same as that produced by the funda- 
mental sine wave component of the square wave, This small ohange in 
efficiency indicates that the higher harmonics do not appreciably in- 
crease the core losses, There is no noticeable increase in the noise 
or vibration of the motor, 

With the neutral disconnected, the maximum value of the square wave 
phase voltage (Esw) will be related to the root-mean-square value of the 


sine wave phase voltages as follows: 


E Ens E (mar), ^ Ems AR 


so thats 


p Er” Е, (ems) 


| 


5, 
That is, to obtain the same performance, a motor rated at 127 volts per 
phase should be operated on a square vave phase voltage of 141 volts, 


Since the effect of the higher harmonics is negligible, the torque and 
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efficiency of the motor can be obtained by normal sinusoidal analysis 
using the fundamental component of the square wave voltage. 

If the neutral is oonnected, the third harmonio and multiples of the 
third harmonic current will be present. The third harmonic current causes 
& decided inorease in noise and vibration as slip increases, Ihe third 
harmonic current produces a small inorease in torque, however the copper 
losses of the motor are greatly increased, This increase in losses would 
require a larger motor for a given rating, therefore operation with the 
neutral connected is not desirable, 

There are several items which were not investigated because of the 
lack of time or equipment that might require future investigation: 

(a) The starting torque characteristics. 

(b) The effect of the harmonic of the voltage wave which 
corresponds to the mmf harmonic caused by the tocth and slot combinations, 

(c) The operation of a motor on the actual voltage output from 


a static inverter, 
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Fig. 12 Induction motor and D-C Generator 
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